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NEIGHBORHOOD FIXED PENDANT VERTICES

BY
1

S. E. ANACKER AND G. N. ROBERTSON

Abstract. If x is pendant in G, then x* denotes the unique vertex of G adjacent to

x. Such an x is said to be neighborhood-fixed whenever x* is fixed by A(G — x). It

is shown that if G is not a tree and has a pendant vertex, but no »-fixed pendant

vertex, then there is a subgraph G$ of G such that for some^ e V{G*), 0(A{G\)

> t\ where / is the maximum number of edges in a tree rooted in G*.

Let G denote a finite connected graph without loops or multiple edges. Let V(G),

E(G) and A(G) denote respectively the vertex set, the edge set, and the automor-

phism group of G. Let x G V(G). The valency of x in G is denoted by val(G, x),

and x is defined to be pendant in G if val(G, x) = 1. The subgraph of G obtained

by deleting x and all edges incident with x is denoted by G — x. If x is pendant in

G, then x* denotes the unique vertex of G adjacent to x. Such an x is said to be

neighborhood-fixed whenever x* is fixed by A(G — x). Neighborhood-fixed will be

denoted by «-fixed for the remainder of the paper.

1. Tree growth number. A pruning of G is a decomposition:

G = G* U T, u T2 u • • • U Tk,

where G* is the maximal subgraph of G, each vertex of which has valency > 2, and

where [T¡: 1 < / < k) is a nonempty set of disjoint nontrivial rooted trees each

having only its root vertex x¡ in G*. Note that G has a pruning if and only if it is

not a tree and has a pendant vertex. Moreover, G* is connected because G is

connected, and the decomposition is unique up to the order of the T¡.

In [1], Robertson and Zimmer conjectured: If G is a finite graph having a pruning

such that

max{|£(T,.)|: 1 < i < A} > max{val(Gs, x): x G K(G*)}

then G has a *-fixedpendant vertex.

There are counterexamples to the conjecture. One class of counterexamples is

found among G with G* a rooted tree with triangles affixed to the pendant vertices.

Figure 1
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Another counterexample can be constructed from Tutte's 8-cage, mentioned in

[2]. Let Gs be the 8-cage. There exists a subset {x0, x„ x2, x3, x4) of K(G*) on

which A(G9) acts as the symmetric group S5. Then a pruning G = G* u T, u T2

U T3 u T4, where T¡ is an /-star with center the root x¡ for 1 < / < 4, defines a

graph G with no »-fixed pendant vertex.

Let A be a finite group acting on a finite set X. Let Y E X and x G Ar. Denote

the order of A by o(/l), the subgroup of A fixing x by ylx, and the subgroup of A

fixing T setwise by A(Y). The restriction of A(Y) to T is denoted by A Y. Denote the

group generated by elements <p,, <p2, . . . , <pk by <<p„ . . . , <jp¿> and the group

generated by subgroups Hx, . . . , Hk by (Hx, . . . , Hk}.

An ordered partition X = U /_0 X¡; is reducible if s > 1, Xs ¥= 0, and for every

x E Xj, i > 1, there exists a reducing map a G /I such that (x)ot G -X,_, and «

stabilizes the blocks of the partition X0 u • • • U(X,_, u x) u (X, — x)

U •    • U X,. Let /(/I, X) denote the largest s such that a reducible partition exists.

Note that for x E X¡, i > 1, there may be many maps that reduce x. Let ax be

one such reducing map. If Z c X¡, i > 1, let I(Z) = {(z)az: z G Z}. If ¿7 is a

subgroup of A that contains the group generated by the reducing maps {a,,:

y E Y) then // reduces Y. An orbit O of a subgroup H oi A is a reducing orbit if

there exists a z G O such that otz G H.

Let G be a graph with a pruning. Suppose that G has no *-fixed pendant vertex.

Let T¡, 1 < / < A, be the trees of the pruning of G. Replace each tree T, by a star S,

with l-ÈXS,)! = \E(T¡)\ rooted at its center x, to form a new graph G' with a pruning.

Then G' also has no »-fixed pendant vertex. To see this, suppose on the contrary

that x E V(S¡) is a »-fixed pendant vertex. Then x, is fixed by A(G' — x,). Let the

weight, w(A), of A E E(T¡) be the number of edges in the component of (T¡)'A

(formed by deleting A from T¡), which does not contain x,. Suppose

(x„ Ai, ax, A2, a2, . . . , ak_v Ak, x) is a path in T¡ from x, to a pendant vertex x

following successive lightest possible edges. Then x is a »-fixed pendant vertex of

G, contrary to assumptions.

G will be assumed to have a pruning such that G* is vertex-transitive and such

that Tt, 1 < / < A, is a star rooted at its center x,. If G has a pruning and no »-fixed

pendant vertex, the star roots induce a reducible partition of V(G*) under A(Git)

by the rule: X/ = {x: x is the root of ay-star). Conversely, any reducible partition

of V(GS) leads to a graph G with a pruning which induces the given reducible

partition. Because of this equivalence t(A(G*), K(G*)) is termed the tree growth

number of G*.

2. Lemmas on permutation groups.

Lemma 1. Let A be a group acting on a set X with a reducible partition

X = U ¿„o X¡. Let Z E X¡,for some i > 1, and let H be a subgroup such that either

(1) H c Açiq where Z E X[ E Xt and (z)az, E X[ for all distinct z, z' E Z, or (2)

H c Aw 0 where I(Z) E X,'_\ E ^¡_v If K = (tí, [a2: z G Z}> then o(K) >

(|Z| + l)o(H).
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Proof. Note that if o(H) < 1 or | Z | < 1 the result is clear. Let \p, <p G H and

z, z' G Z, where \j/ ¥= <p and z ^ z'. Then aztp ¥= azm, azt// 7*= <p, and azt// ^ az.i//.

Suppose az>// = az.<p. Suppose H c ^ayy Then (z)«*^ G X,', but (z)az.<p G X¡.

Suppose H c ^4(x'_ )• Then (z)az\p E X¡_x, but (z)az.<p G A',-,. Hence o(K) >

(\Z\ + l)o(H).

Lemma 2. Let {«,}*_i ¿e a sequence of positive integers with s>2.IfEs¡_in¡ — N

then n'_,(«, + 1) > 2N.

Proof. By induction on s.

Lemma 3. Let A be a group acting on a set X with a reducible partition

X = U j_o Xj. Suppose Z E X} for 1 <j <t and let H = <az: z G Z> and for

every reducing orbit O of H O n X, c Z. Then either O(H) = 2a = |Z| + 1 for

some positive integer a or O(H) > 2|Z|.

Proof. Let H have A > 2 orbits G„ . . . , Ok such that Z, = O, n Z ^= 0. Let

Hi = <az: z G Z,>. Clearly, o(i/,) > |Z,| + 1. Since //, c r/(Z2> by Lemma 1

(LI), o(H2) > (\Z2\ + l)o(Hi) where H2 = <az: z G Z, u Z2>. By the repeated

application of (LI), o(H) > n*_,(|Z,.| + 1). By (L2), o(H) > 2|Z|.

Let O be the only orbit of H such that Zfl O ¥= 0. Let \ denote divides. Now

|0| \o(H). If \0\ < o(H) then o(H) > 2\0\ > 2|Z|. If \0\ = o(H) then // is

regular on O. Suppose \0\ = \Z\ + 1. Then (z)a2 = z and by regularity a2 has

order 2, thus by Cayley's Theorem o(H) = 2". Suppose \0\ > \Z\ + 1. Let Xf_x —

O n Xj_x. A reducing map sends only one element of XJ_X into Z. The remaining

images of X/'_1 lie in XJ_X. Since H is regular on O, \{(p, q)\p E XJ_X and

q = (p)$ e ^/'-i' where \p E H}\ = I^LiI2. Each az induces |xy_,| — 1 of these

pairs. The identity map induces \XJ_X\ pairs. Hence (|X,'_,| - 1)|Z| < |X^'_,|2 —

\Xf_x\ so that |Z| < |JÇL,J. Hence o(H) = \0\ > \XJ_X\ + \Z\ > 2\Z\.

Corollary 3.1. Let A be a group acting on a set X. Let s > 2 and let U/_o X¡ be

a reducible partition of X. Let H E A and suppose H has an orbit O such that

O n Xj ¥= 0 and O n Xj+X ¥= 0, for some 1 < j < s. Suppose <az: z G O n (A}

U Xj+X)y C H. Then H is not regular on O.

Proof. Let W = O — (Xj \j Xj+,). Suppose H is regular on O. Since H is

regular, each point x G O is the image of y E O by a single map of H. Reducing

Xj n O and XJ + X n O requires KX^ u Xj+X) n 0\ distinct nonidentity maps of H

by definition. Let v E XJ+X. No reducing map ax for x G O n (X, u XJ+X) is such

that (w)ax = v where w E W. Hence there are | W\ such maps in H. However, the

total number of nonidentity maps in H is only \0\ — 1, a contradiction. Hence H

is not regular on O.

Corollary 3.2. Let A be a group acting on a set X. Let X = U /_0 Xt be a

reducible partition. Let H = <(az: z G Xk} for some k > 0.

(1) Suppose H has a single reducing orbit O. Then

(a) o(H) = 1**1 + 1 when \Xk\ =2a-\fora>\.

(b) o(H) = 21X^1 when \0 n X*_,| = \Xk\, and
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(c)o(H) > 2(\Xk\ + 1) otherwise.

(2) Suppose H has exactly two reducing orbits O, and 02. Then

(a) o(H) > 2\Xk\, or

(b) o(H) = 2\Xk\, |0,| = 2, and \02\ = \Xk\ = 2b for b > 1.

(3) Suppose H acts on I > 3 reducing orbits. Then

(a)o(H)>3\Xk\if\Xk\>p,and

(b)o(H)>2"if\Xk\=p.

Proof. Suppose H has a single reducing orbit 0. If H does not act regularly

on 0 then ¿»(//J > 2 for x G O. Since 0 contains a point of Xk_x, o(H) >

2(\Xk\ + 1). Suppose H acts regularly on 0. By (L3), o(H) = \Xk\ + 1 only if

1**1 = 2" - 1, for a > 1. By (L3), I**., n 0\ > \Xk\ if |X*_, n 0| > 2. Hence if
o(H) = 2\Xk\ then |X'Jt_1 n 0| = IX^I. Suppose /f acts on two reducing orbits Ox

and 02. Let \Ox n Xk\ = b and |02 n X"*! = a and suppose a > b. By (LI),

o(//) > (a + 1)(Z> + I) > ab + a + b + I. If b > 2 then o(#) > 2|A^|. If b = 1

then o(//) > 2(c7 + 6). Hence, if o(Hx) = 2|X*| then \Ox n A"t| = 1. The unique

point of Ox n Xk is fixed by H' = <az: z G 02 n A'*). Since o(H) < o(H')\Ox\ it

follows that |0,| = 2. Since o(H') = |02 n X*| + 1 it follows by (L3) that \Xk\ =

2C for c > 1.

Suppose // acts on p > 3 orbits O,, . . ., 0,. By (LI), o(H) > nj_,(a, + 1)

where a, = \Xk n 0-| for 1 < j < p. Without loss of generality, {aj}'¡m.x is ordered

so that a, > y_, for 2 < j < p. Suppose a2 > 2. Then

(ap + l)(flp_, + 1) • • • (ax + 1)

> ap + • • • +ax + ap(ap_x + ■ • • +a,) + a/^-^p-z + • • • +a2ax)

\   k\    i P >   ■

If p = 3 and a2 > 2 then

(a3 + l)(a2 + l)(ax + 1) > a2a, + ax + a2 + 1 + a3ax + a3a2 + a3

> (ax + a2 + a3) + (a2ax + a3a2 + a3axa2) > 3|A"fc|.

If a2 = 1 then (a3 + \)(a2 + l)(a, + 1) = (a3 + 1)4 > 3a3 + a3 + 4 > 3|X¿|.

If ap = 1 then \Xk\= p and o(Hx) > 2" by (LI).

Lemma 4. Lei A be a group acting faithfully and transitively on a set X. Suppose

X = X0 \j Xx u X2 is a reducible partition. Then neither A(x_. nor A,^ contains a

nontrivial normal subgroup of A.

Proof. Let A7 be a nontrivial normal subgroup of A. The orbits of N are blocks

of A. Since A is faithful these orbits are not singletons. Let x2 G X"2 and let

(x2)otX2 = x,. Suppose N c A^x^ so there exists \p E N with a cycle (x2x2 • • • )>

x2 G X"2. Then (x'2)aXi E X2 by definition, and axx\¡/ax has a cycle

(xx(x'2)ax¡ ■ • • ). However, a~2x\paX2 E N while a~^aXi G A(Xi¡, a contradiction.

Suppose N c A(Xo). Let x, G Xx and (xx)ax¡ = x0. There exists a if> E N with a

cycle (xjxj ■ • • ) with x\ E Xx (j X2. Then (x\)ax E XX\J X2 and axx\pax has a

cycle (x0(x'x)ax¡ • • • ). However, ax¡xipax¡ E N and a~x^ax¡ E A(X¡¡), a contradic-

tion.
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Remark. Actually, the hypothesis that X"0 u X", u X2 is reducible can be

weakened to the existence of some reducing maps aXi and ax¡.

Corollary 4.1. Let H = <az: z E X2) and let K = <az: z E Xx). Then

o(A)\[A : K}\ ando(A)\[A : H]\.

Proof. By (L4), K and H cannot contain normal subgroups of A. However, by

the core theorem of algebra (Herstein, Topics in algebra, Blaisdell, Waltham, Mass.,

1964, p. 62), o(A)\[A : K]\ and o(A)\[A : //]!.

Corollary 4.2. Let A act on a set X. Let X = U {_o K be a reducible partition.

Suppose 2 < j < t. Let Hx = <az: z G Xj} and H2 = <az: z G X, U XJ_X). Sup-

pose 0,, . . . , Ok are the reducing orbits of H2 and N2 is the pointwise stabilizer of

U£_i 0„.  Let H2 = H2/N2.  Let  H[ = {HX, N2)  and H{ = H'x/N2.  Then  H[

contains no normal nontrivial subgroup of H2.

Proof. Suppose N is a normal nontrivial subgroup of H2 contained in H[. Then

N acts nontrivially on an orbit Os for 1 < s < A. Also 0,0^.1^0, since Os is a

reducing orbit. Let xy_, G Os n X,x. Since the orbits of N are blocks of H2 there

exists a g E N containing a nontrivial cycle (xj_xXj_x ■ ■ ■ ) where xj_, G X/_1 u

X„ Then (x,   ,)otr    E X;  -, and (x':,)ctr    G X¡_, u X¡ by definition. Since ot~x
7 v  J—*-'    xj-\ J —¿ v  J     l/   xj-\ J     l J      J xj-l

■gax¡ contains the cycle ((x=x)ax. t(Xj_x)ax _ • • • ) a contradiction follows from

N c H'x c //2(A- z). Hence, H[ contains no normal subgroup of H2. As in (L4 Cl)

this means o(H2)\[H2 : H[]\.

Lemma 5. Let A be a group acting on a set X. Let X = U ¿_0 X¡ be a reducible

partition. Suppose 1 < j < s is such that \Xj\ > 2. Suppose H is a subgroup of A that

stabilizes Xj. Let K= <//, {az: z G X}}). Then there exists x G X, such that

o(Kx) > 2o(H)/\Xj\.

Proof. Suppose Xj is not an orbit of H. There exists an orbit O of H such that

0 E Xj and |0| < |X,|/2. Hence o(Kx) > o(Hx) > 2o(H)/\Xj\ for any x G 0.

Suppose Xj is an orbit of H. Let x, x' be distinct elements of Xj. Since Xj is an orbit

of H there are o(H)/\Xj\ maps of H sending x' to (x')ax. Let \p be such a map.

Then   (x')axxp~x   = x'   and   also   axtp~x   G Hx..   Hence   o(Ä"x.) > 2o(//x.) >

20(//)/|X-y|.

Let A  act on a set X. Let X = U í_0 X¡ be a reducible partition. Suppose

1 < j < / and t > 2. Let

H, = <az: z G Xj U • • ■ UXj_a_x))    if 1 < / < /

and

H, = (a2:z EXXU ■■■ UX,}    ifj<l<t. (2.1)

Let O, be a reducing orbit of H, that intersects X,. Let 0,_, be a reducing orbit of

H,_x contained within O, which intersects X,_, if j < t and intersects X, if j = t.

Let 0,_, Ç 0,_(,_n be a reducing orbit of Ht_¡ for 2 < i < t — 1, such that 0,_,

intersects X,_¡ifj < r - / and intersects Xjif t — i <j. For 2 < I < t define N, to
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be the subgroup of H, that stabilizes 0¡ pointwise. Let

H, = H,/N,    if 1< / < / - 1,

H{ = (H„ Nl+X >   if 2 < / < t, and
_
h; = H¡/Nl+X   if2 <Kt. (2.2)

Lemma 6. Le/ /I ac/ on a set X. Let X = U ¡_0 Jfj be a reducible partition.

Suppose 1 < j < t and t > 2. For 2 < I < t, u¡ is defined to be the least positive

integer such that u¡\ > u,o(H,'_x) where ///_, is defined in (2.2). Then for I > i > 2,

o(H¡) > u, ■ • ■ u¡o(H¡_x) where u, > ■ ■ ■ > u¡ > i + I and where H, and H¡_x are

defined in (2.1). Moreover, o(H2) > o(H2) > 3\\XÁ.J \       ) V      2/ V      2/ I    71

Proof. First it is shown lhat_o(Hl+J) > ul+Jo(H,) for \J, I < / - l^By (L4_C1),

o(Hl+x)\[Hl+x : fly]!. Hence [Hl+X : fl/]! > [H±+x : r7,]0(/7/). Hence [Hl+X : H¡\ >

m/+1. By the correspondence theorem [H,+ x : H¡] = [Hl+X : H¡] > ul+x. Since H¡ >

H„ [Hl+X : H,} > [Hl+X : ///]. Hence o(Hl+x) > ul+xo(H,).

Next it is shown that u,+ x > u, for 2 < / < / - 1. Suppose ul+x < u,. By defini-

tion ul+x\> ul+xo(H¡). Hence u,\ > u¡o(H¡) and (u, — l)\> o(H¡). Since

[H, : /?/_,] > u„ o(tí¡) > u,o(H¡_x).

(UA m        o(H,)o(Nl+x) o(H,)

°y   l)      o(H, n Nl+x)o(Nl+x)      o(H,nNl+x)

and

(2.3)n(i7\ °(Hù
^  l)    oití.nN,)-

Now H i n N, D H¡ n Nl+X since if g E H¡ C\ Nt+Xit fixes all points O, and since

it is in H, it is in N¡. Hence o(H¡) > o(H¡). But then, (u,_x)\ > o(H,), whence

(«/_ ])! > u¡o(H¡_ i), a contradiction of the choice of u¡.

Finally, it is shown that o(H2) > 6|X}|. Note since o(H[) > 2, u2 > 3. If o(Hx) >

2\Xj\ then, since u2 > 3, o(H2) > 3\\Xj\. Otherwise, by (L3), o(Hx) = 2" = \Xj\ + 1

for some a > 1.

Suppose a = 1. In this case IX^I = 1. Since o(Hx) = 2 and u2 > 3, 0(11^ > 6\Xj\.

Suppose a > 4. In this case, IX^I > 15. Since Hx is regular Hx D N2 = <e> so

o(/7,') = o(Hx)/o(Hx n A/2) = o(/i,). Hence 16|o(/7,') and hence [H2 : H'x) > 7 by

(L4 Cl). Thus o(H2) > 6\Xj\.

Suppose a = 2. In this case, |X^| = 3 and o(H,) = 4. Since //, is regular o(//j) =

o(H{) = 4. By (L4 Cl), o(H2)\[H2 : H{]\. Hence [H2 : H'x] > 5 since 42{4!. Thus

0(7/2) > 5 • 4 > 6\Xj\.

Suppose a = 3. In this case, IX}! = 7 and o(//,) = 8. Since Hx is regular o(r/,') =

8. If [H2 : H[] > 6 the result follows. Hence [H2 : H{] = 5. Hence 0(11^ = 40.

Suppose j = 1. Then \X2\ < 4 for otherwise using (LI), 0(11^ > (\X2\ + \)o(Hx)

> 6 • 8 > 3\\XX\. Suppose |X2| = 3 or 4. Since |02| must divide 40 and |02| > 11,

|02| = 20 or 40. Since X'2 is stabilized setwise by H[, by (L5), o((Hi)x^ > 4, a

contradiction of |02| = 20 or 40 by (P7.4). If \X2\ = 2 or 1 then by (L5), o^H^

> 8, a contradiction to |02| > 10.
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Suppose j > 1. Let xy_, be the point of Xj_x in the reducing orbit of H[. Suppose

|X._,| J= 1. Note Xj_x — {x,.,} is stabilized by H[ and a. . If H is generated by

H'x and ir_ , then o(H) > 40 by (L4 Cl), a contradiction to o(H) < 0(11^ = 40.

Let \Xj_x\ = 1. Then |02| |40. Since \X±\j Xj_x\ = 8, \Xj_2 n 02| = 2, 12, or 32.

Suppose |02 n Xj_2\ = 2. Since 3{0(^/2), ax has cycles (x/_2)(xy_2x/_1). Since

X}_2 n 02 is stabilized by H[, o((H[)x ) > 4. Hence o((H^) ) > 8, a contradic-

tion to o((H2)x ) = o(/72)/|02| = 4. Let |X/_2 n 02| = 12. Since C5 is a normal

subgroup of H2 the orbits of C5 are a complete block system of H2. No point of X}

in a block with x,_, can be reduced since the reducing maps of Xj do not have

order 5. Hence the block containing x,_, contains 4 points of X,_2. However, if

(xj)olx = Xj_ „ Xj is in a block containing 4 distinct points of Xj_2. Since this can be

true for only two x,, a contradiction follows. Let |A^_2 n 02| = 32. Then H2 is

regular on 02 and hence by (L3 Cl) cannot reduce 02 n (Xj u Xj_x). Hence (L6)

is proved.

Corollary 6.1. Let A act on a set X. Let X = U {_n X, be a reducible partition.

Then o(A) > (/ + 1)! and o(A) = (/ + 1)! only if there is a reducing orbit O of A

such that |0| = / + 1 and A0 s Sl+X.

Proof. Let 0 be a reducing orbit of A such that |0 n X,\ > 1. Let H, = <az:

z G 0 n U ,>, X",>. If / = 1 then o(A) > 2 and o(A) = 2 implies A0 m C2 and the

result is clear. If / > 1 then by (L6) for every y > 1, o(H,) > (t + 1)!|X}|. Hence

o(A) > (t + 1)! and each X/ is a singleton for y > 1 if o(A) = (t + 1)!. Suppose

o(A) = (t + 1)!. Let H,_x = <az: z G 0 n U ,';! Xf)>\ Then o(H,_x) > /! by (L6).

But H,_x fixes X,. Thus o(A(y) < \0\t\ and hence \0\ = / + 1. Hence /1° ai Sf,+ 1.

Corollary 6.2. Let A act on a set X. Let X = U ¡_0 ^, be a reducible partition.

Let Hx = <az: z G A}). Suppose either

H2 = {az:zE Xj u *,+ 1>    ct/w/   /ï3 = <az: z G ^ u XJ+X u *,+2>  (2.4)

an«/ there is a reducing orbit 02 of H2 meeting Xj in at least 2 points, or

H2 = <az: z G Xj_x u A}>    a«c/   #3 = <«,: z G A}_2 u Xy_x u X})   (2.5)

and \Xj\ > 2.

Then o(H3) > o(H3) > 120 where H3 is defined as in (2.2).

Proof. Let H2 and H3 be as in (2.4). Let H2 and H{ be as in (2.2) acting on the

orbit 02. Since |X} n Oj] > 2, o(Í7,') > 4 by (L3). Suppose o(/7,) = 4. By (L4 Cl),

[H2 : H'x] > 5. Also o(H'x) ¥= 5 since C5 has only a single reducing map. Suppose

o(Hx) = 6; then [>72 : H'x] > 4 by (L4 Cl). Suppose o(Hx) > 7;_then [H2 : Hx] >

5. Using the calculation of (2.3), o(H2) > o(H2). Suppose o(r/2) > 24; then by

(L4 Cl), [H3 : H2] > 5 and o(>73) > 120.

Let 7/3 and H2 be as in (2.5). If there is a reducing orbit of H2 meeting Xj in at

least 2 points the argument follows as above. Suppose not. Let 02„ . . ., 02k be the

reducing orbits of H2. Let A^ be the pointwise stabilizer of Uf_i 02i- Let

H2 = H2/N2. Let H[ = <H, N2) and let H'x = H[/N2. By (Li), o(H'x) > 4. This

case now follows to the point of bounding o(H2) as above using (L4 C2) in place of

(L4 Cl). Let 031, . . ., 03k, be the reducing orbits of H3. Let A^ be the pointwise
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stabilizer of Uf.,03i. Let H3=H3/N3. Let H^ = (H2,N3} and let H'2 =

H2/N3. The case concludes as above using (L4 C2) in place of (L4 Cl).

Let A act on a set X. Let X = U ¡_0 X, be a reducible partition. For 1 < / < /

let

H^ia/.zEX.^.^U • ■ ■ UXt). (2.6)

For 2 < / < / let 0n, . . . , Olk be the reducing orbits of H,. Let N¡ be the pointwise

stabilizer U*'=1 Oh. For 2 < / < /, let

H, = H,/N,   and for 1 < / < / - 1 let

H,' = (Hi,Nl+i)    and let
-
h; = h;/ni+x. (2.7)

Corollary 6.3. Lt?/ ,4 ac/ on a set X. Let X = U í_0 X¡ be a reducible partition.

Suppose 2 < / < / and Hx has at least two reducing orbits. For 2 </</,«, is defined

to be the least positive integer such that u,\ > u¡o(H¡_x) where H¡_x is defined in (2.7).

Then for 2 < i < l, o(H¡) > u, • ■ • m,o(//,_,) where u¡ > ■ ■ ■ > u¡ > i + 1 and

where H, and H¡_x are defined in (2.6). Moreover u2\ > m2o(//,').

Proof. By (L4 C2), [H, : H¡_x] > u, for 2 < / < / where H, and H,'_x are

defined. By the correspondence theorem [//, : H¡_,] > u¡. Since o(H¡_ x) > o(H¡_,),

o(H¡) > u¡o(H¡_,). Using the calculation in (2.3), it can be shown as in (L6) that for

3 < / < /, u, > u¡_, or the defining property of u,_, is contradicted. Hence for

2 < / < / and I > i > 2, o(H¡) > u¡ ■ ■ ■ u,o(Ifi~i) and u, > ■ ■ ■ > u2 > 3. Since

H{ acts on several reducing orbits, o(H'x) > 2\X,\ by (L3). Hence u2\ > u2 ■ 2 • \X,\.

Corollary 6.4. Let A act on a set X. Let X = U !_o X¡ be a reducible partition.

Suppose / > 3 and \X,\ > 2. Let H¡ and H¡ be defined as in (2.6) and (2.7) for

1 < / < /. Then for 3 < / < /, o(H,) > o(H,) > (I + 2)!.

Proof. By (L6 C2), o(H3) > 5!  if |X,| > 3. Suppose it has been shown for

3 < / < / - 1 that o(H,) > (I + 2)!. By the calculation of (2.3), o(H¡) > o(H,). By

the definition of ul+x, ul+x > I + 3 since o(H¡) > (I + 2)!. Hence o(Hl+x) >

o(Hl+x) >(l + 3)o(H,) > (I + 3)\.

Lemma 7. Let A be a group acting on a set X. Let U/_0 X¡ be a reducible partition

of X. Let H E A. Suppose Y is an orbit of H where Y c XJt j > 1. Suppose

Z E Xj+X such that I(Z) c Y. Let K = (Hx, <az: z G Z>>. Suppose that if O is

the orbit of K containing Y, then 0nX/= Y. Let L = (K, <tx,:.y G T>>. Suppose

that if O' is the orbit of L containing Y then O' n Xj = Y. Let

m - min{|T| - 1, \Z\).

It is the case that o(IC,) > (m + \)o(Hy), for y E Y. Moreover, o(Iy) > |T|o(^,).

Proof. The following propositions are used in the proof.

Proposition 7.1. Let A be a group acting on a set X. Let X = U '¡-qX, be a

reducible partition. Suppose that H E A and that O is an orbit of H. Let x G 0 and

let (x)xpx G O. Then if h G H, h¡>xx G H.
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Proof. Since x G 0 and (x)^ & O, \px & H. Hence bbxx $ H.

Proposition 7.2. Let A be a group acting on a set X. Let X = U í_0 X¡ be a

reducible partition. Suppose that H Q A and that O is an orbit of H. Suppose {zr:

I < r < k} E O is such that (zr)az G O and (zs)az G 0 if r -£s for 1 < r < k and

1 < s < k. If h E H, «   and az are such that r =£ s, then ha¡~ ' G H.

Proof. Since (zs)az¡ G 0 and 0 is an orbit of H, (zs)azh~x g 0. Now

((z)az /i_1)/iazaz = (zs)az E 0 by assumption. Since 0 is an orbit of H, ha~xaz £

H.

Proposition 7.3. Let A be a group acting on a set X. Let X = U î_0 X, be a

reducible partition. Let H E A. Let Y be part of an orbit of H. Suppose a G H and

(y)a G Y. Then there exists h E H such that ha~x E fC,.

Proof. Since Y is part of an orbit of H there exists an h such that (y)h = (y)ax.

Hence ha~x E IC,.

Proposition 7.4. Let A be a group acting on a set X. Suppose H E A and O is an

orbit of H. Then for every x G 0, o(Hx) = o(fl)/|0|.

Proof. This is a basic fact of permutation group theory.

The main argument of the proof begins.

Since \Z\ > m there exists a set of distinct points {z,, . . . , zm) with

{az, . . . , az } the set of corresponding reducing maps. Since 0 n X, = Y,

(Y - (zk)a~x)aZk E Y, for any 1 < A < m. Hence at most m distinct points of Y

are mapped outside Y by one or more of the az, 1 < i < m. Hence since | Y\ — 1 >

m, there exists ay E Y such that (y)az¡ G Y, for 1 < i < m. By (P7.3) there exists

an A, G H for 1 < / < A such that h,eÇ{ G K,. By (P7.1), h,«'1 G Hy, for 1 < i <

k. Let h and h' be two elements of Hy. If hh¡a~x = h'hkot~x, i =£ k, then hh¡ =

h'hka~la.. By (P7.2), h'ha~' G H, a contradiction. Thus for every map of Hy there

are m + 1 maps of 1C,, namely h, ha~x, . . ., haz~x. The maps arising from different

elements of H are clearly distinct. Hence o(IC,) > (m + \)o(Hy).

If |T| = 1, then o(Iy) > o(/Ç) since L D K. Suppose |T| > 1. Fix>>_ G Y. Let

y G Y - y'. By (P7.3) there exists ky E K such that kyoÇx G Ly-. By (P7.1)

kyoÇx G Ky-. There are | T| - 1 such maps. Suppose A and k' are elements of 1C,.

Suppose kky.az"x = k'kya~x where y and_y' G Y — {y~}. Then AAy = k'kya~xaz„

a contradiction of (P7.2). Hence for every map of 1C, there are | Y\ maps of Ly.

Hence o(Ly) > \Y\o(Ky).

Corollary 7.1. Let A be a group acting on a set X. Let X = \J 'i-0X¡ be a

reducible partition of X. Let H E A. Suppose Y = 0 n Xj, for some j > 1 and for

some orbit 0 of H. Suppose Z is contained within an orbit Oz of H distinct from O

and disjoint from X0. Suppose for all distinct z, z' E Z that (z)az, G Z. Suppose

I(Z) n 0Z = 0. Let K = <//, <az: z G Z>>. Let O' be the orbit of K containing

O.  Suppose  O' n Xx = Y. Suppose  {(z)a~x:  z E Z] n Y = 0.   Then  o(JKy) >

(\Z\ + l)0(Hy).
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Proof. Let y G Y. Let z G Z. Suppose (y)az & Y. Then since O' n Xj = Y,

(y)az = z. However, this contradicts the hypothesis that {(z)a~x: z G Z} n T =

0. Hence (>^)az G T. By (P7.3) there exists an h E H such that haz'x G Ky. Then

(z)az G 0Z, since /(Z) n Oz = 0. Hence by (P7.1), ha~l g fl,,. Let h and A' G

//,,. Suppose hhya~x = h'hy-az~x for z ^ z'. Then AA,, = h'hy-az~xaz. This con-

tradicts (P7.2). Thus for every element h E Hy there are \Z\ + 1 elements of /Ç,

namely {A} u {ha~x: z E Z). Hence o(Ky) > (\Z\ + \)o(Hy).

Lemma 8. Let A be a group acting on a set X. Let X = U *_0 Xi be a reducible

partition. Suppose Y = X¡, i > 1, breaks into at least two orbits under H. Let O be an

orbit of H on Y. Suppose |0| > 2. Then if y E O and K = (H, <<*,,: y E T>>, then

o(Ky) > o(Hy).

Proof. Let.y G 0. Suppose there exists ay* E Y - y such that (y)oty, E 0. By

(P7.3) there exists an A G H such that hoÇ.x E Ky. Since (y*)Oy. G 0 by (P7.1),

hcÇ' G Hy. Hence o(Ky) > o(Hy). Suppose for ally* E Y - y, (y)oty. E 0. Since

| T| — 1 > | y| — |0| by the pigeon-hole principle some y ~ is the image of y under

oÇx and oÇ,x. Hence oÇxoty« E Kk \ Hy. Hence o(/Ç) > o(Hy).

Let A be a group acting on a set X. Suppose that X = U î_0 Xxis a reducible

partition of X. Suppose fcX for some /">' 1. Suppose H E A and suppose

0„ . . . , 0U are the orbits of // where y c U £_i ^. Suppose /(y) n U uk~i Ok

= 0. Suppose for every y G Y and a G U J.| Ot that (a)cty G cT, where Uy is the

orbit of H containing (y)oty. Let

K = (H, (az:z E y». (2.8)

Let 0,, . . ., Qu. be the orbits of K. Let M be the pointwise stabilizer of U"m-\ Qm-

Let

K~ = K/M,

H' = <//, M),    and

H' = H'/M. (2.9)

Lemma 9. Le/ /(T W H be as in (2.8). Let K~ and H ~ be as in (2.9). /// « /Ae

least integer such that fo(H~) < /! /Ae« [K~ : H~] > f and [K : H] > f.

Proof. The proof follows the proof of (L4 C2). Suppose H ~ contains a non-

trivial normal subgroup N ~ of K ~. Since N ~ is nontrivial it acts nontrivially on

one of the orbits Qm, 1 < m < u'. However, the orbits of N are blocks of K on Qm.

By assumption, there exists a A such that Qm D Ok. Hence Qm n y ^ 0. Since A7

has nontrivial orbits on Qm there exists a nontrivial orbit O of N containing

y G Os n y. Hence there exists an element n E N containing a cycle (^a • • • )

where a E Ok. The cycle ((y)ay(a)oLy • • • ) is contained by oÇxnay. By definition

(y)oty G U and (a)«^ G t/,. Since oÇxn(Xy E N c H~ a contradiction follows. As

in (L4C1) //" containing no nontrivial normal subgroup of K~ means that

o(K~)\[K~ : H~]\. Hence [K~ : H~] > f. By the correspondence theorem

[K : H'] >f.
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Let A be a group acting on a set X. Let X = U ;_0 X¡ be a reducible partition.

Let H = <az: z G U /_r Xr,>. Suppose // has reducing orbits 0,, . . . , Op such that

Xrt n 0„ *= 0 for 1 < ü < p. For 1 < « < p and 1 < k < r - 5 + 1 let

Huk=[az:z E\\J     (J O, n *J U (        U        Ott n Xj).   (2.10)
\ \„=i     m = r / \m-i-(*-l) //

If A > 1 then let Huk_x have reducing orbits Ox~, . . ., 0C_ with Ut-i 0»7 Ç Ou.

Let r/^ act on reducing orbits Qx, . . ., Qd with \Jde„x Qe E Ou. Let A^ be the

pointwise stabilizer of U |?_ i ße- Let

// 7 = // , //y ,
**uk ±Aukt      uk>

^-i = <^-,.^>.    and

Huk'-X = Kk_x/Nuk. (2.11)

Corollary 9.1. Let A be a group acting on a set X. Let X = U J_0 -*/ ¿e a

reducible partition. For 1 < u < p a«cf 1 < A < r — s + 1 /e/ 7/,^ oe defined in

(2.10). Ifu=\andk=\ then o(Hxx) > (\XS n 0,| + 1). // u > 1 and k = 1 /Ae/i

o(HuX) > (\XS n 0J + l)o(Hu_Xs_r+x). Let H^ and H^' be defined in (2.11). Let

fuk be the least integer such that fuk\ > fukO(H~k'_x), where for 3 < A < í — r + 1 and

\<u<p,fuk >fuk_x andfu2 > 3. TAen (1) [fl¿ : H^'_x] > fuk, [H* : Huk_x] >

fuk, and o(Hu2) >6\Xsn Ou\. (2) o(Huk_x) > fum. ■ ■ ■ />(//„„_,) wAere 1 < u < p

and 2 < n< m' < s - r + 1. (3) o(H) > IF„_, (Wk'J2+x fvk(\Xs n Ov\ + 1)).

Proof. Suppose u = 1 and A: = 1. Then o(Hxx) > \XS n OJ + 1 by (L3). Sup-

pose u > 1 and A = 1. By (LI), o(HuX) > (\XS n 0J + \)o(Hu_Xs_r+X). Suppose

A > 1. Then H~k and H~k'_x satisfy the hypothesis of (L9). Hence [H^ : H~k'_x] >

fuk and by the correspondence theorem [H^ : //„*_,] > f^.

Suppose for some 3 < k < s — r + \ and 1 < u < p, /^ < fuk_x. By definition

o(Huk-i) >fuk-io(Hukl2). Hence (/„,_, - 1)! > o(Huk'_x) since/„*<>(//¿I,) < fj.

and fuk < /„*_,. To obtain a contradiction the proof proceeds as in (L6) with the

following elaboration of the calculation made in (2.3). It is necessary to show that

Huk_x n Nuk E Huk_x n Nuk_x. If rp G Huk_x n N^ then <p fixes every point of

U «_! Qe- However U^_i Qe D U cw-x 0~. Since <p G //„*_, and <p fixes every

point of U£,-i 0~, <p E Huk_x n Nuk_x and the result holds.

Since o(H~x') > 2, /u2 > 3. Repeated application of o(Huk) > fuko(Huk_x) gives

°(#„m) >fum' - • ■ fun°(Hun-i) where 1 < " < P and 2 < « < m' < í - r + 1. By

the argument of (L6), o(Hu2) > 6\XS n 0U| for 1 < m < p. In summary <?(.//) >

n£.,(nr-r2+1/*(!*, n 0„i + i».
Let A be a group acting on a set X. Let Xr = UJ.o^bea reducible partition of

X.Let H E A. Let 0, and 02 be two orbits of H such that 0, c U r¡l\ X¡ where

0 < r < j, and 02 C U /_r+1 Xt where 02 n Xr+X =£ 0. Suppose there exists a

z G 02 n xr+x such that (z)az G 0,. Let K0= H and let 0O = 0. For 1 < j < v

let K¡ = <A,_„ az > where z, G Q¡_x n Xr+1 and az G A, and let ß, be the orbit of

K¡ containing ß,_,. Since A is finite, u is bounded. Let K = Ä„ and 0 = 0„. /T is

termed an 0, extension of H.
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Corollary 9.2. Suppose A is a group acting on a set X. Suppose X = U ¿_n X¡ is

a reducible partition. Let H E A with orbits Ox E U ;I¡ X¡ where 0 < r <s and

02E U Ur+\ X¡ with 02 n Xr+X =£ 0. Let K be an Ox extension of H. Let

N = KQ and H' = <#, N}. Let K~ = K/N and H~' = H'/N. Then if a is the

least integer such that a\ > ao(H TO then [K : H] > a.

Proof. This is a direct consequence of (L4 Cl).

3. A lower bound for o(Ax).

Theorem 1. Let A be a group acting on a set X. Let X = (J í_0 Xt be a reducible

partition of X. Then there exists an x E X such that o(Ax) > /!.

Proof. The case / = 1 is clear. Let / = 2. Let H = <az: z G X2 u Xr1>. Suppose

H acts on a single orbit 0 = X0 u Xx u X2. By (L3 Cl), H is not regular. Hence

for x G O, o(Ax) > 2.

Let / > 3. Suppose {X¡}j~\ are singletons. Let u = \X,\. Let H = <az: z E X,

U • • • U^-i,), 1 < j < / - 1. By (L3), o(J¥]) > u + I. Since fl} fixes

*,_(,+D» o(HJ+x) > (j + 1 + u)o(fl,), 1 < i < / - 2. Hence

o(Hl_x)>(t-l + u)o(Ht_2).

Hence o(H,_x) > (t - \ + u) ■ ■ ■ (u + 2)(u + 1). Let x, G Xx. Since U!_i X, is

an orbit of H,_x and \ \J '^x Xt\ = u + t - l,by (P7.4),

o(>4Xi) > «(fl,^/ (/ + u - 1) > (t + u - 2) ■ ■ ■ (u + 1).

Since aX] fixes x2 by (L7 Cl), o(Ax) > 2 ■ (t + u - 2) • • • (u + 1)2 > /! provided

m > 2. If u = 1 let // = <az: z G Ù '¡Z\ *,>. Since x, is fixed by H, o(Ax) > o(H).

However, o(H) > /! by (L6).

Suppose not all of the {X,}'"' are singletons. Suppose / > 4. Let \X,\ < t + 1.

Suppose |X,_,| > 2. Let Hx = <az: z G X,_,> and //2 = <az: z G *,_, u A,_2>.

If i¥3 reduces X",_2, in addition o(H3) > 120 by (L6 C4). Let H,_x = <az: z G

U ill X',). By (L6 C4), o(H,_x) > (t + 1)!. Since »,_2 E A(X) and |Jf,| < / + 1,

o(Ax) > /!, where x, G X,.

Suppose \X,_X\ = 1. Suppose t > 5. The arguments just applied to the case

|X,_,| > 2 show that if Ht^2 = <az: z G (J J~2 X¡} is generated reducing from the

top then o(H,_2) > /!. As H,_2 E A, this implies o(Ax¡_t) > /!. Hence suppose

\X,_2\ = 1 if / > 5.

Suppose \XX\ > \X,\. If |X",| = 1 then |X",| = 1 and the result follows by (L6).

Suppose |X,| > 2. Let H,_x = <az: z6U¡:¡ X¡). By (L6), o(Ht_x) > t\\Xx\

and the result follows using Ht_x E A(xy

Suppose \X,\ > \XX\. By the above argument \X,_X\ = 1. Let \X,\ = 2. Then

Hx s S3. If H,_2 = <az: z G (J |_3 X,>, then by (L6 C4), o^,^ > /!. Since

|X",| = 1 the result follows.

Suppose \XX\ = 1 and \X,\ > 3. By (L6 C4), o(H3) > 5! and so if / > 5 then

o(H,_2) > /! by (L6 C4). Hence o(Ax) > /! since Ht_2 c Ax¡. If / = 4 then ¿»(r/j)

> 20 by (L3) and (L4 C2). Since o'((H3)x) = o((H3)x) > o\h2) > 20 and x3 is

fixed by ax¡, o(Ax) > 4!.
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Suppose \X,\ > 3 and \XX\ > 1. Let |X",| = 3. If / > 5 then by (L6 C4), o(H,_2) >

/!. If Xx is an orbit of H,_2 then o(Ax) > /! by (L7). If \XX\ is not an orbit by

(P7.4), o(Ax) > 2/!/|X,|. Note that \x\\ < 2 since \X,\ > \XX\. If / = 4 then if

H2 = <az: z G Xx u X7}, o(H2) > 12 by (L6). Let H3 = <az: z E XX\J X2\j

X4). H2 fixes x3 so o((H3)x) = o((H3)x) > 12. By (L7 Cl), o((H4)x) > 24. Let

\X,\ = 4, 5, or 6. By (L3), o(Hx) > 2\X,\. By (L6 Cl), o(H,_¿ > (t + 1) • • • 5 •

2\Xt\. By (L8),

o(Ax) > 2o(H,_2)/\Xx\ > 2o(H,_2)/(\X,\- 1)

> 2(t + 1) • • • 5 • 2|X",|(|X',| - 1) > /!.

Let \X,\ > 7. Since t > 6 as \Xt\ < t + 1, |Ar,_2| = 1. By (L3), o(//,) > |^T,| + 1 >

8. Since x,_2 is fixed by Hx, o^^ > 9(\X,\ + 1) > 72. By (L6), o(/7,_2) >

(/ + 1) • • • 6 • 9(|X,| + 1). By (L8),

o(Ax) > 2o(H,_2)/\Xx\ > 2o(H,_2)/\Xx\

>2(t + I)- ■ ■ 6-9(|X,|+ 1)/|X",|>/!.

Let \X,\ > t + 2 and let \XX\ > ±\Xt\. Let H, = <az: z G U í^,1 Xt/ be generated

reducing from the bottom. By (L6), o(H,_x) > t\\Xx\. Since X, is not a singleton

(L5) gives o(Ax) > 2o(H,_x)/\Xt\ > /!2|^|/|X-,| > /!.

Suppose ¡Xx\ <^|X",|. Let Ht_2 = <az: z G U '¡^X/). Suppose / > 4. Hence

\X,\ > 1 as |X,| > / + 2. By (L3), o(J¥,) > 8. By (L6 C3), o(r/,_2) >

(/ + 1) • • • SIA^I > (/ + 1) • • • 5 • 2\XX\. If X", is a singleton, then o(Ax) >

o(H,_2) > (t + 1) • • • 5 • 8 > /!. If not, apply (L8) to obtain o(Ax¡) >

2o(/7,_2)/|X'1| > /!. Let / = 4 and let |X'4| = 6. By (L3), o(Hx) > 12. By (L6C3),

o(H2) > 5o(Hx). If |X"4| > 7, o(H,) > 8 by (L3). By (L6 C3), o^J > 5o(Hx) >

40. If Xx is a singleton, the result follows. Suppose Xx is not a singleton. Let

|X-4| = 6. By (L8), o(Ax) > 2 ■ 5o(Hx)/\Xx\ > 20|X4|/|^,| > 40. Let |X"4| = 7. By

(L6 C3), o(H2) > 40. By (L8), o(Ax) > (2 ■ 40)/3 > 4!. Let 8 < |X"4| < 14. By (L3)

and (L6 C3), o(H2) > 5 • 2\X4\. By (L8), o(Ax) > 2 ■ 5 • 2|A-4|/|A-i| > 40. Let \X4\

= 15. By (L3) and (L6 C3), o^J > 7 • 16. By (L8), o(Ax) > 2 ■ 7 • 2|Xr4|/|X'1| >

24. Let \X4\ > 16. By (L3), o(Hx) > 24. By (L6 C3), 0(^2) > 6\X4\. By (L8),

o(Ax) > 2 ■ 6 • 2|X-,|/|X-,| = 24!.
Let / = 3. The proposition has been shown in the case Xx and X2 are singletons.

Suppose \X3\ < 4. Let Hx = <az: z G Xr2> and r/2 = <az: z G X2 u X",). If X"3 is a

singleton then o((H2)x ) > 3! by (L6). Suppose X'j is not a singleton. Suppose

IX2I > 2. By (L6 C2), o(7/2) > 20. By (L5), o(/*Xj) > 2o(ÍY2)/|X'3| > 20/2 > 10.

Suppose X"2 is a singleton and X", is not one. Let Hx = <az: z G X",). By (L6),

o(H¿ > 6|X-,|. By (L5),

o(Ax) > 2o(H2)/\X3\ > 6 • 2|X-,|/4 > 6.

Let \X3\ > 5. Suppose 2|X",| > |Xr3|. Let H2 = <az: z G X, u X'2>. By (L6),

o(//2) > 6|X",|. By assumption, |X"3| > 5. By (L5),

o((H3U) > ^ > 6.
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Suppose \X3\ > 2\XX\. Let Hx = <(az: z G Xr3>. If Xx is a singleton, then since

o(Hx) > 8, by (L3) the result follows. If Xx is a doubleton then by (L8), o(Ax) >

2o(Hx)/2 > 8. Suppose \XX\ > 3. If A', splits into 3 orbits under //, then there

exists an orbit O E Xx, with 3|0| < \XX\. Hence for x, G O, o((Hx)Xt) >

o(Hx)/\0\ > (\X3\ + 1)/|0| > 2|X,|/|0| > 6. Suppose X', sphts into 2 orbits. If

either orbit is a singleton, then o(Ax ) > o((Hx)x ) > 8. Suppose neither is a

singleton. Suppose only one of the orbits of Hx on A*, is part of a reducing orbit of

H2 or both are part of different reducing orbits. Let 0 be an orbit such that

2|0| < \XX\. Either 0 is part of the reducing orbit of H2 or it is stabilized by H2.

Since 101 > 2 and a~' sends all but at most one element of 0 into 0 for x2 G X2,

there exists an xx G 0 such that (x,)ax~ ! G 0 for some x2 G X2. By (P7.3) and

(P7.1), there exists a \p E Hx such that a~2 ty_1 G (rY,)^ . However

*((#,)*,) > 0(//,)/|0| > (|AT3| + 1)/|0| > 2 • 2 • (|*,| + 1)/|JT,| > 4.

Hence o(Ax ) > 8. Suppose both orbits are part of a single reducing orbit of H.

Since o((Hx)X4) > 4 for x, G 0, o((H2)x ) > 4. Since X'3 is part of a single reducing

orbit of H2 and if H3 = <az: z G U -lo*/) then o((H3)x) > 2o((//2)Jt3) > 8 by

(L7C1).
Suppose Xx is a single orbit under Hx. Since o(r/,) > |.X3| + 1 > 2|Xr,|, o((Hx)x )

> 2. Since A', is not a singleton, o((H2)x ) > 4 by (L7). Since X3 is part of a single

reducing orbit of H2, o^H^) > 4. By (L7 Cl), o((H3)x) > 8.
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